; Art. 8. General Method to Solve Non-Linear P.D. Equatlons

! CHARPIT’S METHOD

Here we shall be discussing Charplt’
ential equation is not of Type 1 to Type 4 or

éapphcable when the given partial dlffer
unnot be reduced to these types

Explanation of Method.
Let given di'fferential equatio

fe,vzp9)=0

7 0z
We know dz = —Q— e+ = dy
ox oy

= dz=pdxtd dy
Now we shall find ano

F(x,y 209 :

n be

ther relation . -

s general ‘method of solution, which is

L)
(v z=z(x,5))
(i)

...(iii)
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= wili &g . % .. T T Ay & Py g as Independacnt
T The auxiliary equationg Of (x) are P.q ¢cpe

: d
({p _—;—-—q_______ ‘]:
G of " \
ff;g é'l-q%{- m h—:dgfz':(‘%?‘“ & vo(xd)
"y © % Ty = O

NoW any solution (integral)
o relation involving alteast one of PO qforF =g

" yow find 7 and g from Egs. () ang (i) and put in (i) ie. in dz = p dx + q dv,

ywhen integrated gives the solutjon,
S

(D) Equations in (x)th relation, are known as Charpit's auxiliary equations.
i remember these in the form as below

%: dg} = ad"' ___d _  dg _ _dF
- f of @ i -
op q p dq ox "oz 9y oz

(iii) This method should be applied when differential equation cannot be solved by
nethods discussed earlier ,

| OR when it is asked to solve the differential equation by this particular method.

ILLUSTRATIVE EXAMPLES

ample 1. Solve for complete solution by CH?RPIT’S METHOD
) z=p’x+qy (i) g=3p .

i) z=px+tqy +p+d (WMqg=px+d

() We are given z=p’ X +q¥

> p2x+q2y7—z_=0 L ol
Letf(x,y,z,P,q)=P2x+q2y—z=0 i

of _.2 _af__.:qZ af,_l,'-.a@_f_='2px,-a-‘}-=2qy

)

= a =P 5}’ ’. oz ap

The Charpit’s auxiliary eq“aﬁ"“sjre 3

& dy d o up =
v _dy = of o a9 ,af.-+q--—
-ﬁf__ ﬁ iy _?-f_.-.q--' _—--l—_paz oy oz
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BRILLIANT DIFFERENTIAL EQ“f\Tlg ‘
= dz ___..(.IE——- = ._‘.!..{_!_
= b3y pr-p 44 (il
= - g p2 x=-2q9°y 14

-2px -2q¥

rs 20,0,2qy
then 0, ¢ 0, 0, 2
liers as p’, 0.0, 2px,0 and

i Iti
Taking multip e

each of fraction of ( jif) is ©

2 d +2p\dp de.""’ZfU'dflz
p-ax = — ’ ' -
p(- 2pr)+2p\(p -p) 4 (-2 +2q9y4”=q)

d(p .1') d(q "))
—2p2.\' —-ZqJ

d(p*x) _ dcq"’y)
pix q%y
lntegratmg, we get log (p*x)=

=

log (¢* y) + log a =108 "y a)

gvayy

> p'x=q'ya > p=*% J;

Taking p = J-‘(—

Put in (i), we get

f—'}iqszrq y—z
= ag’ytqy=z > (at)gy=z

| = ] : q= _-_P'——_-ra;],'/; | )

i o

Take g = '_;W_—

Then - \/_ Jo. J‘f
L ‘/_JGTIJF\F

Weknowdz de'f'qdy

> = Vo \/_ J‘ «/;
DR e R rre i
S | ‘& da s o -
” : ﬁ___c:fx_ dx+my dy

. Integrating, we get
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=-—£ xﬁsﬂ hl}
—-]—+] arp| T +—|» 2
- "3 " Vari| 1T |*e
’ "‘j-!»l
J;‘_—_._._{_E___J— |
Xdree . [= ¢

Wz = Jax
Jarldlz E+J}+-§—Ja\+l
4 m5=JE+Jf+bsa_v

which is complete solution of (i)
(i) We are given g=3p* = ql‘—3p2 iy
Let fG 155D ) =q-3p*=0
S N L AT "

()]

> r ox oy * bz ‘ap-‘(’ﬁ,%ﬂ. (i)
The charpit’s auxiliary equations are

dx e d)»’ o dz - {fp i dff

op 0q op 0g ox "6z o oz

dt @&, ;. & & 4 ' ...(iil)

6p -1 6p*-q 0 O
> dp=0 and dg=0
Integrating p =aand g jb goe
Putin (i), we have b—3a =0 > b=38 -
‘We know de=pdx+qdy : (Using (iv))

=qdxtbdy -

-

.. (V)

Integrating .
z= ax+bJ?+C
z=ax+3dyte

‘which is complete integral o @ 5
which is comp _ =px-+qy+P2+q i | |
> v +p +q2 kel

g ‘px+qy+P2+‘32 § . ...(ii)

ary equations =
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BRILLIANT DIFFERF.!\TI_\L Eq
Uy

600
d=
= BE. Do i o =-}f!.'.’.’___=\g£\
—-(x+2p) - -(y+2q) -px+2p)=4 P=p a~g
dx dv d= :E_Q:__’{(‘?_

=—= ) o aat
—(x+2p) -(r+2q) —(px+qy+2p°+2q7)

From last fractions ; dp = 0 and dg =0

Integrating p=aand ¢=5

Weknow d-=pdc+qdy=adc+b dv and (USin;(...

Integrating z=ax+by+c K

Put in given equation We getax+by+c=ax+by+a +

% =gy ( pogqq,

Hence = ax+by+ a® + b* which is complete integral )

(iv) Wearegiven g=px +q°

= px+qg-q=0

Let f(x. 3. 2,p,q)=px+q—q=0

s | L, 0¥ 0 LrL o2y
x Ty e ' oq

The charpit’s auxiliary equations are

dc  ay '_ dz - B dp _e dg

-of - o o o o o B

¥ ¥ 7T, T, T

op oq p &g ox oz Oy oz
i dx i @ - dz ud dp _ dq

-x —(-2q9-1) -px-q(2q-1) p+0 0+0
5 B F e _dp_dg

—x_-(ZQ—l)_—px—2q2+q p 0

Last fraction of (iv) = dg=0
= g = constant = g say =lg=a

Putin(a=px+ad’ > px=a-aq°
or
=g

We know dz = p dx + q dy p=

X
2
PR -

dx+ady
X -~

Integrating z=(a—a°) f-f'if-y aj.ahy.;.' b

> z=(a-a)log|x|+ay+b
which is complete solution of (i)
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pPXY*Pa+qy=y:
gre given differential equation
3 .'e o
o pxy*pPatqay=y:

pxytPat9y-yz=0 i
L fE P HPDTPXYIPatqy-y:

- of ; o 3

of L9 _ N of

—_—= J'g —px+q—_,__=___ e .
2 B p &y | & J B xXy+q
:cf_ =Ry (0D
oq : -
The Charpit’s auxiliary equations are
dz __dp . dq

o of o o o
= cql H. 0 9 8
pap oq o p&z' oy oz
dx dy dz

* Tay+a) () -pGxy+q)-q(p+Y)

dp - dq (1))
py+p))  prig-2=a)
dp

——

| el'=
), we have, each memb "

and

&

|
%\Q‘g@

@",,

o (constaht) ;

= dp=0 = p=ae
Putp=ain(i),w_eget >
axy+taqtqy=—ry*=
g(a +y)=yz-—axy
e L

. a
2 i aty

Weknow dz=p dx +q & jie=anly,
yz-axy g = d-adT Ty

at) ("H')"ady . a dy
diz—ax) UTZ—dy =177 4,

d-ads_ Y & T Tax 4%

z—ax a4ty

> dz=adxt

Integrating
aty

or Jog|z—ax|t¥

o+ &’ ™

= loglz—ﬂxH
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602 w
by

= {,’ (’

Vel (say) where ¢~

yab
|G-ax)(y* a)y|=e h -
(z—ax)(y+a)'=%¢¢€
(z—ax) (y+a)'=c¢ ¢!
s z-ax=ce(yta .
which is complete integral of (7)
Example 3. Solve px+qy= P4 |
Sol. We are given the dif ferential equation
px+qy=pqorpxtqly -pq=0 | i
Letf x,yap@=pxtqy-P4
o A T 0L =xg

LR

> a Py Pa o
and g—f:_v* p Bl -« il
q
Now the Charpit’s auxiliary equations are ;
RN R R AR, .
vy ¥ 9 ¥,,9 7,9
w g ‘o log ™ & & &
e, dz _
—x-q) -(-p -pE-9)-9(-Pp)
=£=%' e ri ...(ii)
P
: ~ (Using (i)
From last two members of (iii) -
" we have d_p:ﬁ
P 4q
~ Integrating, log p =log g + log a = log (g a)
g p=ga _
Put p=agqin (i), weget gax+gy=qagq
= ax+y=aq = g= b ‘ (v q#0)
a

Then p=agq =>p=ax-Fy
- We know dz=pdx+qdy
Put values of p and g

= dz=(ax+y)dx+ax+y@ L

==-adz=a(ax+y)_dx+(ax+y)dy = (ax+y)(adr+aj/)=(ax+y) (d(a.\‘+}1))
Integrating, a J.dz =J.'(ax +y)d(ax+y)+b
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whlch 1s complete solutlon of

10 find Singular Solution @

2
oF

oa
The singular sol is given by
oF oF

—=0, —
" da B

®
F .—_-

F
But here 2—b=1 gnd 120

To find general solution

Then (iv) is

oF

Ba

s0 the geheral solution is given by
ax-— %(ax +y)2 +g(@=0 and

E”""Ple 4. Find the comple_te solution of

r -y q= ¥ -
%l We are given the dlf’ferentlal equat
P~y q= y-—xorp—}’q+
Letf(x,y,2,p. @) =P Y AL

jon

LetF(xsys_"-" a,b)=qz_ -(E:’f_f_}_'li

- F@xupz a,g(a))ﬁazf}— (ax+y)+g (@

603

+b

(V)

X ___=‘_._—(ax+y)(x) z- x(ax+v) i

and —=1,
ob

Given equation has no singular solution

Letb = g(a) where g is any arbitrary function

e ‘ z—-(2)(ax+y)(x)+g(a)

z-x(@ax+y)t+g (@)=0

ssild)

()] |
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604 PRE= “UAL g,
h“)“
dx dy dz :
= SRR . R AW _.—--—-"—'_"'_——_——:5-)_
-2p y2 -p@p-9C)
-Bu
v -2y(g+)) "
. e _dp
From (iii), we have 3 2x
=  xdx=-pdp
= pdp+xde=0
2 3 2 at . ot
Ll e 9_ s constant of integration
Integrating — + T where 3
= p2=az—.x s p=% az—xz-
Put in (/) '

we geta® —x* =y’ g +x’—y" =0
2 _ 42 2
i i S i 2

We know dz =p.dx + g dy
Put values of P, q

- 2
dz=% \a* -x* dx+[32——1]@
y.

-

"

~ Integrating

or

2 . p ‘- . 2
. - 2 . S i 2 a y
; B y o
wWat—x%2 a* . gx a?
z=% | —+—sin” — |-——yp+
2 2 al| y .

which is complete solution of (7) |
Example 5. Solve 2xz-px*—2qgxy+pg=0

Sol. .We are given the differential equation
dwz—pat=2 gxy+pqg=0

%,

ANBa? o

Letf (%, ¥, 2, p, q) =2x2—px2_—2 gxy+pq

=

and

L
oy

Now the Charpit’s auxiliary equations are
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